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Alzer and Richards \[[@CR33]\] proved that the function $$\documentclass[12pt]{minimal}
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Inequalities ([1.8](#Equ8){ref-type=""}) and ([1.9](#Equ9){ref-type=""}) have been generalized to the generalized elliptic integrals by Huang et al. in \[[@CR34]\].

The main purpose of the article is to generalize inequalities ([1.8](#Equ8){ref-type=""}) and ([1.9](#Equ9){ref-type=""}) to the complete *p*-elliptic integrals. We discuss the monotonicity and convexity properties of the functions $$\documentclass[12pt]{minimal}
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Lemmas {#Sec2}
======

In order to prove our main results, we need several formulas and lemmas, which we present in this section.

The following formulas for the hypergeometric function and complete *p*-elliptic integrals can be found in the literature \[[@CR5], 1.20(10), (1.16), 1.19(4), (1.48)\]\], \[[@CR18]\], and \[[@CR35], Equation (26)\]: $$\documentclass[12pt]{minimal}
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                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document} $$\begin{aligned} &F(a,b;c;x)\sim -\frac{\log(1-x)}{B(a,b)} \quad (x\rightarrow1, c=a+b), \end{aligned}$$ \end{document}$$ $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document} $$\begin{aligned} &(\sigma-\rho)F(\alpha,\rho;\sigma+1;z)=\sigma F(\alpha,\rho; \sigma;z)-\rho F(\alpha,\rho+1;\sigma+1;z), \end{aligned}$$ \end{document}$$ $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document} $$\begin{aligned} &\frac{d\mathcal {K}_{p}(r)}{dr}=\frac{\mathcal {E}_{p}(r)-r^{\prime p}\mathcal {K}_{a}(r)}{rr^{\prime p}}, \qquad \frac{d\mathcal {E}_{a}(r)}{dr}=\frac{\mathcal {E}_{p}(r)-{\mathcal {K}_{p}}(r)}{r}, \end{aligned}$$ \end{document}$$ where $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\Gamma(x)$\end{document}$ is the classical gamma function.

Lemma 2.1 {#FPar1}
---------

*Let* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$p \in(1,\infty)$\end{document}$. *Then the function* $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ r\mapsto f_{p}^{1}(r)=\frac{\mathcal{E}_{p}(r)-r^{\prime p} \mathcal{K}_{p}(r)}{r^{p}} $$\end{document}$$ *is strictly increasing and convex from* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$(0, 1)$\end{document}$ *onto* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$((p-1){\pi_{p}}/(2p), 1)$\end{document}$.

Proof {#FPar2}
-----

It follows from ([1.3](#Equ3){ref-type=""}), ([1.6](#Equ6){ref-type=""}), and ([1.7](#Equ7){ref-type=""}) that $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document} $$\begin{aligned} &\mathcal{E}_{p}(r)-r^{\prime p} \mathcal{K}_{p}(r) \\ &\quad =\frac{\pi_{p}}{2} \biggl[F \biggl(\frac{1}{p},-\frac{1}{p}, \;1;r^{p} \biggr)-\bigl(1-r^{p}\bigr)F \biggl( \frac{1}{p},1-\frac{1}{p};1;r^{p} \biggr) \biggr] \\ &\quad =\frac{\pi_{p}}{2} \Biggl[\sum_{n=0}^{\infty}\frac{ (\frac{1}{p},n ) (-\frac{1}{p},n )}{(n!)^{2}}r^{pn}- \bigl(1-r^{p}\bigr)\sum _{n=0}^{\infty}\frac{ (\frac{1}{p},n ) (1-\frac{1}{p},n )}{(n!)^{2}}r^{pn} \Biggr] \\ &\quad =\frac{\pi_{p}}{2} \Biggl[\sum_{n=0}^{\infty}\frac{ (\frac{1}{p},n ) (-\frac{1}{p},n )- (\frac{1}{p},n ) (1-\frac{1}{p},n )}{(n!)^{2}}r^{pn}+ \sum_{n=0}^{\infty}\frac{ (\frac{1}{p},n ) (1-\frac{1}{p},n )}{(n!)^{2}}r^{p(n+1)} \Biggr] \\ &\quad =\frac{\pi_{p}}{2}\sum_{n=1}^{\infty}\frac{n^{2} (\frac{1}{p},n-1 ) (1-\frac{1}{p},n-1 ) -n (\frac{1}{p},n ) (1-\frac{1}{p},n-1 )}{(n!)^{2}}r^{pn} \\ &\quad =\frac{\pi_{p}}{2}\sum_{n=1}^{\infty}\frac{n (\frac{1}{p},n-1 ) (1-\frac{1}{p},n-1 ) (1-\frac{1}{p} )}{(n!)^{2}}r^{pn} \\ &\quad =\frac{\pi_{p} r^{p}}{2} \biggl(1-\frac{1}{p} \biggr)\sum _{n=0}^{\infty}\frac{1}{n+1} a_{n} r^{pn}, \end{aligned}$$ \end{document}$$ where $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$a_{n}=(1/p,n)(1-1/p,n)(n!)^{-2}$\end{document}$. Therefore, $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ f_{p}^{1}(r)=\frac{\mathcal{E}_{p}(r)-r^{\prime p} \mathcal{K}_{p}(r)}{r^{p}}= \frac{\pi_{p}}{2} \biggl(1-\frac{1}{p} \biggr)\sum _{n=0}^{\infty}\frac{1}{n+1} a_{n} r^{pn} $$\end{document}$$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$f_{p}^{1}(r)$\end{document}$ is strictly increasing and convex on $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$(0, 1)$\end{document}$ due to $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$1-1/p>0$\end{document}$.

From ([1.5](#Equ5){ref-type=""}), ([1.6](#Equ6){ref-type=""}), ([2.4](#Equ15){ref-type=""}), ([2.7](#Equ18){ref-type=""}), and ([2.8](#Equ19){ref-type=""}) we clearly see that $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document} $$\begin{aligned} &\mathcal{E}_{p} \bigl(1^{-} \bigr)=1, \qquad \lim _{r\rightarrow 1^{-}}r^{\prime p} \mathcal{K}_{p}(r)=0, \\ &f_{p}^{1}\bigl(0^{+}\bigr)=\frac{(p-1){\pi_{p}}}{2p}, \qquad f_{p}^{1}\bigl(1^{-}\bigr)=1. \end{aligned}$$ \end{document}$$ □

Lemma 2.2 {#FPar3}
---------

(see \[[@CR18], Lemma 2.3\])

*Let* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$I\subset \mathbb{R}$\end{document}$ *be an interval and* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$f, g: I\rightarrow (0,\infty)$\end{document}$ *be two positive real*-*valued functions*. *Then the product* *fg* *is convex on* *I* *if both* *f* *and* *g* *are convex and increasing* (*decreasing*) *on* *I*.

Lemma 2.3 {#FPar4}
---------

*Let* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$p>1$\end{document}$. *Then the function* $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document} $$\begin{aligned} r\mapsto J(r)=\frac{(1-r^{p}) (\mathcal{E}_{p}(r)-(1+r^{p})\mathcal{K}_{p}(r) )}{r^{2p-1}} \end{aligned}$$ \end{document}$$ *is strictly increasing from* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$(0,1)$\end{document}$ *onto* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$(-\infty,0)$\end{document}$.

Proof {#FPar5}
-----

Let $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ f_{1}(r)=\bigl(1-r^{p}\bigr) \biggl[F \biggl( \frac{1}{p},-\frac{1}{p};1;r^{p} \biggr)- \bigl(1+r^{p}\bigr)F \biggl(\frac{1}{p},1-\frac{1}{p};1;r^{p} \biggr) \biggr]. $$\end{document}$$ Then it follows from ([1.3](#Equ3){ref-type=""}), ([1.6](#Equ6){ref-type=""}), ([1.7](#Equ7){ref-type=""}), ([2.9](#Equ20){ref-type=""}), and ([2.10](#Equ21){ref-type=""}) that $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document} $$\begin{aligned} &J(r)=\frac{\pi_{p}}{2r^{2p-1}}f_{1}(r), \end{aligned}$$ \end{document}$$ $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document} $$\begin{aligned} &f_{1}(r)=\bigl(1-r^{p}\bigr) \Biggl[\sum _{n=0}^{\infty}\frac{ (\frac{1}{p},n ) (-\frac{1}{p},n )}{(n!)^{2}}r^{pn}- \bigl(1+r^{p}\bigr)\sum_{n=0}^{\infty}\frac{ (\frac{1}{p},n ) (1-\frac{1}{p},n )}{(n!)^{2}}r^{pn} \Biggr] \\ &\hphantom{f_{1}(r)}=\bigl(1-r^{p}\bigr) \Biggl[\sum_{n=0}^{\infty}\frac{ (\frac{1}{p},n ) (-\frac{1}{p},n )- (\frac{1}{p},n ) (1-\frac{1}{p},n )}{(n!)^{2}}r^{pn}- \sum_{n=0}^{\infty}\frac{ (\frac{1}{p},n ) (1-\frac{1}{p},n )}{(n!)^{2}}r^{p(n+1)} \Biggr] \\ &\hphantom{f_{1}(r)}=\bigl(1-r^{p}\bigr)\sum_{n=1}^{\infty}\frac{-n^{2} (\frac{1}{p},n-1 ) (1-\frac{1}{p},n-1 ) -n (\frac{1}{p},n ) (1-\frac{1}{p},n-1 )}{(n!)^{2}}r^{pn} \\ &\hphantom{f_{1}(r)}=\bigl(1-r^{p}\bigr)\sum_{n=1}^{\infty}\frac{ (\frac{1}{p},n-1 ) (1-\frac{1}{p},n-1 ) ( (1-\frac{1}{p} )n-2n^{2} )}{(n!)^{2}}r^{pn} \\ &\hphantom{f_{1}(r)}=\sum_{n=1}^{\infty}\frac{ (\frac{1}{p},n-1 ) (1-\frac{1}{p},n-1 ) ( (1-\frac{1}{p} )n-2n^{2} )}{(n!)^{2}}r^{pn} \\ &\hphantom{f_{1}(r)=}{}-\sum_{n=2}^{\infty}\frac{ (\frac{1}{p},n-2 ) (1-\frac{1}{p},n-2 ) ( (1-\frac{1}{p} )(n-1)-2(n-1)^{2} )}{((n-1)!)^{2}}r^{pn} \\ &\hphantom{f_{1}(r)}= \biggl(-1-\frac{1}{p} \biggr)r^{p} \\ &\hphantom{f_{1}(r)=}{}+\sum _{n=2}^{\infty}\frac{ (\frac{1}{p},n-2 ) (1-\frac{1}{p},n-2 ) [2n (n+\frac{1}{p^{3}}-2 )+\frac{1}{p^{3}}-\frac{2}{p^{2}}-\frac{1}{p}+2 ]}{(n!)^{2}}r^{pn}. \end{aligned}$$ \end{document}$$ Equations ([2.11](#Equ22){ref-type=""}) and ([2.12](#Equ23){ref-type=""}) lead to $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ \begin{aligned}[b] J(r)={}&\frac{\pi_{p}}{2} \Biggl\{ -\frac{1+p}{pr^{p-1}}\\ &{}+ \sum _{n=2}^{\infty}\frac{ (\frac{1}{p},n-2 ) (1-\frac{1}{p},n-2 ) [2n (n+\frac{1}{p^{3}}-2 ) +\frac{1}{p^{3}}-\frac{2}{p^{2}}-\frac{1}{p}+2 ]}{(n!)^{2}}r^{p(n-2)+1} \Biggr\} . \end{aligned} $$\end{document}$$ It is easy to verify that $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ 2n \biggl(n+\frac{1}{p^{3}}-2 \biggr)+\frac{1}{p^{3}}- \frac{2}{p^{2}}-\frac{1}{p}+2>0 $$\end{document}$$ for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$p>1$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$n\geq 2$\end{document}$.

Therefore, the monotonicity of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$J(r)$\end{document}$ on the interval $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$(0, 1)$\end{document}$ follows easily from ([2.13](#Equ24){ref-type=""}) and ([2.14](#Equ25){ref-type=""}).

From ([2.3](#Equ14){ref-type=""}), ([2.4](#Equ15){ref-type=""}), ([2.10](#Equ21){ref-type=""}), ([2.11](#Equ22){ref-type=""}), and ([2.13](#Equ24){ref-type=""}) we clearly see that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$J(0^{+})=-\infty$\end{document}$ and $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document} $$\begin{aligned} &\lim_{r\rightarrow 1^{-}}F \biggl(\frac{1}{p}, -\frac{1}{p}; 1; r^{p} \biggr)=\frac{1}{\Gamma(1-1/p)\Gamma(1+1/p)}, \qquad \lim_{r\rightarrow 1^{-}} \bigl(1-r^{p} \bigr)F \biggl(\frac{1}{p}, 1-\frac{1}{p}; 1; r^{p} \biggr)=0, \\ &J\bigl(1^{-}\bigr)=0. \end{aligned}$$ \end{document}$$ □

Lemma 2.4 {#FPar6}
---------

(see \[[@CR5], Theorem 1.25\])

*Let* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$a, b\in \mathbb{R}$\end{document}$ *with* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$a< b$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$f,g: [a,b]\rightarrow \mathbb{R}$\end{document}$ *be continuous on* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$[a, b]$\end{document}$ *and be differentiable on* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$(a, b)$\end{document}$ *such that* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$g'(x) \neq 0$\end{document}$ *on* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$(a, b)$\end{document}$. *If* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$f'(x)/g'(x)$\end{document}$ *is increasing* (*decreasing*) *on* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$(a, b)$\end{document}$, *then so are the functions* $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ \frac{f(x)-f(a)}{g(x)-g(a)}, \quad\quad \frac{f(x)-f(b)}{g(x)-g(b)}. $$\end{document}$$ *If* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$f'(x)/g'(x)$\end{document}$ *is strictly monotone*, *then the monotonicity in the conclusion is also strict*.

Main results {#Sec3}
============

Theorem 3.1 {#FPar7}
-----------

*Let* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$p>1$\end{document}$ *and* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$f_{p}(r)$\end{document}$ *be defined by* ([1.10](#Equ10){ref-type=""}). *Then* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$f_{p}(r)$\end{document}$ *is strictly increasing and convex from* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$(0,1)$\end{document}$ *onto* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$((p-1)\pi_{p}/(2p), 2p/[(p-1)\pi_{p}])$\end{document}$, *and the double inequality* $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ \frac{(p-1) \pi_{p} }{2p}+\alpha r< f_{p}(r)< \frac{(p-1) \pi_{p} }{2p}+ \beta r $$\end{document}$$ *holds for all* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$r\in(0,1)$\end{document}$ *if and only if* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\alpha\leq 0$\end{document}$ *and* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\beta\geq 2p/[(p-1)\pi_{p}]-(p-1)\pi_{p}/(2p)$\end{document}$. *Moreover*, *both inequalities in* ([3.1](#Equ26){ref-type=""}) *are sharp as* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$r\rightarrow 0$\end{document}$, *while the second inequality is sharp as* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$r\rightarrow 1$\end{document}$.

Proof {#FPar8}
-----

Let $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$f^{1}_{p}(r)$\end{document}$ be defined by ([2.7](#Equ18){ref-type=""}). Then $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$f_{p}(r)$\end{document}$ can be rewritten as $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ f_{p}(r)=\frac{\mathcal{E}_{p}(r)-r^{\prime p}\mathcal{K}_{p}(r)}{r^{p}}\cdot\frac{r^{\prime p}}{\mathcal{E'}_{p}(r)-r^{p}\mathcal{K'}_{p}(r)}=f^{1}_{p}(r) \cdot \frac{1}{f^{1}_{p}(r')}. $$\end{document}$$

From Lemma [2.1](#FPar1){ref-type="sec"} we know that both the functions $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
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Theorem 3.2 {#FPar9}
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Proof {#FPar10}
-----
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                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ \begin{aligned} &M_{p}\bigl(0^{+}\bigr)=\frac{(p-1)\pi_{p}}{2p}, \qquad M_{p}\bigl(1^{-}\bigr)=1, \\ &g_{p}\bigl(0^{+}\bigr)=\frac{(p-1)\pi_{p}}{2p}-1, \qquad g_{p}\bigl(1^{-}\bigr)=1-\frac{(p-1)\pi_{p}}{2p}. \end{aligned} $$\end{document}$$

Therefore, the desired results in Theorem [3.2](#FPar9){ref-type="sec"} follow easily from ([3.11](#Equ36){ref-type=""}) and ([3.16](#Equ41){ref-type=""}) together with the monotonicity and convexity of $\documentclass[12pt]{minimal}
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                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$g_{p}(r)$\end{document}$ on the interval $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$(0, 1)$\end{document}$. □

Remark 3.3 {#FPar11}
----------

Let $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$p=2$\end{document}$. Then we clearly see that inequalities ([3.1](#Equ26){ref-type=""}) and ([3.8](#Equ33){ref-type=""}) reduce to inequalities ([1.8](#Equ8){ref-type=""}) and ([1.9](#Equ9){ref-type=""}), respectively.

Corollary 3.4 {#FPar12}
-------------
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                \usepackage{upgreek}
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                \begin{document}$p\geq 2$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$g_{p}(r)$\end{document}$ *be defined by* ([1.11](#Equ11){ref-type=""}) *and* $$\documentclass[12pt]{minimal}
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                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ L_{p}(x,y)=g_{p}(xy)-g_{p}(x)-g_{p}(y). $$\end{document}$$ *Then the double inequality* $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
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                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ \frac{(p-1)\pi_{p}}{2p}-1< L_{p}(x,y)< 1-\frac{(p-1)\pi_{p}}{2p} $$\end{document}$$ *holds for all* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$x,y\in (0,1)$\end{document}$.

Proof {#FPar13}
-----

It follows from ([3.17](#Equ42){ref-type=""}) and the proof of Theorem [3.2](#FPar9){ref-type="sec"} that $$\documentclass[12pt]{minimal}
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                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document} $$\begin{aligned} &\frac{\partial}{\partial x}L_{p}(x,y)=yg'_{p}(xy)-g'_{p}(x), \end{aligned}$$ \end{document}$$ $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
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                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document} $$\begin{aligned} &\frac{\partial^{2}}{\partial x\partial y}L_{p}(x,y)=g'_{p}(xy)+xyg''_{p}(xy)>0 \end{aligned}$$ \end{document}$$ for all $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$x, y\in (0, 1)$\end{document}$.

From ([3.17](#Equ42){ref-type=""})--([3.19](#Equ44){ref-type=""}) we get $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ \begin{aligned} &\frac{\partial}{\partial x}L_{p}(x,y)< \frac{\partial}{\partial x}L_{p}(x,y)|_{y=1}=0, \\ &{-}g_{p}(1)=L_{p}(1,y)< L_{p}(x,y)< L_{p}(0,y)=-g_{p}(y). \end{aligned} $$\end{document}$$

Therefore, Corollary [3.4](#FPar12){ref-type="sec"} follows easily from Theorem [3.2](#FPar9){ref-type="sec"} and ([3.20](#Equ45){ref-type=""}). □

Methods {#Sec4}
=======

The main purpose of the article is to generalize inequalities ([1.8](#Equ8){ref-type=""}) and ([1.9](#Equ9){ref-type=""}) for the complete elliptic integrals to the complete *p*-elliptic integrals. To achieve this goal we discuss the monotonicity and convexity properties for the functions given by ([1.10](#Equ10){ref-type=""}) and ([1.11](#Equ11){ref-type=""}) by use of the analytical properties of the Gaussian hypergeometric function and the well-known monotone form of l'Hôpital's rule given in \[[@CR5], Theorem 1.25\].

Results and discussion {#Sec5}
======================

In the article, we present the monotonicity and convexity properties and provide the sharp bounds for the functions $$\documentclass[12pt]{minimal}
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                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ r\mapsto f_{p}(r)=\frac{\mathcal{E}_{p}(r)-r^{\prime p}\mathcal{K}_{p}(r)}{r^{p}}\cdot\frac{r^{\prime p}}{\mathcal{E'}_{p}(r)-r^{p}\mathcal{K'}_{p}(r)} $$\end{document}$$ and $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ r\mapsto g_{p}(r)=\frac{\mathcal{E}_{p}(r)-r^{\prime p}\mathcal{K}_{p}(r)}{r^{p}}-\frac{\mathcal{E'}_{p}(r)-r^{p}\mathcal{K'}_{p}(r)}{r^{\prime p}} $$\end{document}$$ on the interval $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$(0, 1)$\end{document}$.

The obtained results are the generalization of the well-known results on the classical complete elliptic integrals given in \[[@CR32], [@CR33]\].

Conclusion {#Sec6}
==========

In this paper, we generalize the monotonicity, convexity, and bounds for the functions involving the complete elliptic integrals to the complete *p*-elliptic integrals. The given idea may stimulate further research in the theory of generalized elliptic integrals.
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